Abstract. We show that for many natural topological groups G (including the group Z of integers) there exist compact metric G-spaces (cascades for G = Z) which are reflexively but not Hilbert representable. This answers a question of T. Downarowicz. The proof is based on a classical example of W. Rudin and its generalizations. One more crucial step in the proof is our recent result which states that every weakly almost periodic function on a compact G-flow X comes from a G-representation of X on reflexive spaces. We also show that there exists a monothetic compact metrizable semitopological semigroup S which does not admit an embedding into the semitopological compact semigroup Θ(H) of all contractive linear operators for a Hilbert space H (though S admits an embedding into the compact semigroup Θ(V ) for certain reflexive V ).
Matrix coefficients and Eberlein groups
1.1. Preliminaries. Let X be a topological space and S be a semitopological semigroup (that is, the multiplication map S × S → S is separately continuous). Let S × X → X, (s, x) → sx be a (left) action of S on X. As usual we say that (S, X), or X (when S is understood), is an S-space if the action is at least separately continuous. For topological groups we reserve the symbol G. For group actions G-space, G-system or a G-flow will mean that the action is jointly continuous.
Lemma 1.1. (Grothendieck's Lemma) Let X be a compact space. Then a bounded subset A of C(X) is weakly compact (in short: w-compact) iff A is pointwise compact.
Let X be a compact S-flow. Denote by E := E(X) ⊂ X X the corresponding (compact right topological) enveloping semigroup. It is the pointwise closure of the set of translations {s : X → X} s∈S in the product space X X .
WAP functions and systems.
A function f ∈ C(X) on an S-space X is weakly almost periodic (wap, for short) if the orbit f S := {f s} s∈S of f (with respect to the canonical right action C(X) × S → C(X), (ϕ, s) → ϕs, where (ϕs)(x) := ϕ(sx)) is relatively weakly compact in C(X). The set W AP (X) of all wap functions on X is a closed subalgebra of C(X). In particular, we can consider S as a natural S-space X := S. The corresponding algebra of wap functions will be denoted simply by W AP (S). [10] for S := G) A compact S-space X is weakly almost periodic (wap, for short) if W AP (X) = C(X). [10] for S := G) Let X be a compact S-space. The following conditions are equivalent:
Lemma 1.4. (Ellis and Nerurkar
(1) (S, X) is wap. ( 2) The enveloping semigroup E(X) of (S, X) consists of continuous maps.
The following well known fact easily follows by Lemma 1.4.
Fact 1.5. If (S, X) is wap then the enveloping semigroup E(X) is a compact semitopological semigroup.
Every metrizable wap compact G-system X comes from representations of (G, X) on reflexive Banach spaces (see Theorem 2.10.3 below).
For more details about wap functions on S-spaces (including the proof of Lemma 1.4) see [18] or [27] .
1.3.
Representations of groups and operator topologies. Let V be a Banach space. Denote by Aut(V ) the group of all continuous linear automorphisms of V . Its subgroup of all linear surjective isometries V → V will be denoted by Is(V ). In the present paper we consider only group representations into Is(V ). More precisely, a representation (co-representation) of a topological group G on a Banach space V is a homomorphism (resp. co-homomorphism) h : G → Is(V ). One can endow Is(V ) with the strong operator topology inherited from V V . Denote by V w the space V in its weak topology. The corresponding topology on Is(V ) inherited from V V w is the weak operator topology. Recall that a Banach space V is said to have the point of continuity property (PCP) if every bounded weakly closed subset C ⊂ V admits a point of continuity of the identity map (C, weak) → (C, norm) (see for example [17, p.55] ). Every reflexive space has PCP. there exists a canonically associated matrix coefficient defined by
If h : G → Is(H) is a continuous group representation into a Hilbert space H and ψ = v, then the corresponding map g → gv, v is a positive definite function (pdf) on G. Denote by P (G) the set of all pdf on G. The converse is also true: every continuous pdf comes from some continuous Hilbert representation (see for example [2] ).
We say that a vector v ∈ V is norm (weakly) G-continuous if the corresponding orbit mapṽ :
is norm (resp., weakly) continuous. Similarly one can define a norm Gcontinuous vector ψ ∈ V * (with respect to the dual representation of G on V *
). Note that if the co-representation
right) uniformly continuous on G.
Proof. See [27, Fact 3.5] and also Example 2.8 below.
Assertion (3) of this Lemma comes from Eberlein. The converse is also true: every wap function is a matrix coefficient of some (co-)representation on a reflexive space (see Theorem 2.10.2 below).
1.5. Eberlein groups. Definition 1.9. Following Eymard [12] denote by B(G) = B(G, C) the set of all matrix coefficients of Hilbert representations for the group G. This is a collection of functions of the form
where we consider all possible continuous unitary representations h : G → U (H) into complex Hilbert spaces H. Then B(G) is a subalgebra of C(G) closed under pointwise multiplication and complex conjugation. This algebra is called the Fourier-Stieltjes algebra of G (see for example, [12, 22] ). The elements of this algebra will be called Fourier-Stieltjes functions on G.
Analogously can be defined the real version
The algebra B(G) is rarely closed in C(G). Precisely, if G is locally compact then B(G) is closed in C(G)
iff G is finite. Clearly, the set P (G) of positive definite functions on G is a subset of B(G) and every m ∈ B(G) is a linear combination of some elements from P (G). Every positive definite function is wap (see for example [2] ). Hence, always, B(G) ⊂ W AP (G). The question whether B(G) is dense in W AP (G) raised by Eberlein (see [31] ) and leads to the following definition of the so-called Eberlein groups [22] (originally defined for locally compact groups). Definition 1.10. (Chou [5] , M. Mayer [22] 
(or, equivalently, if every wap function on G can be approximated uniformly by Fourier-Stieltjes functions).
Replacing C by R in this definition we get the real valued version. In this case one may say that G is R-Eberlein. However the following lemma shows that R-Eberlein and Eberlein properties are the same. Lemma 1.11. Let G be a topological group and f ∈ C(G, C). Consider the canonical representation f (g) = f 1 (g) + if 2 (g) by two real valued bounded functions f 1 , f 2 ∈ C(G, R). (a) By a result of Rudin [31] the group Z of all integers and the group R of all reals are not Eberlein. (b) More generally, Chou [5] proved that every locally compact noncompact nilpotent group is not Eberlein. (c) By a result of Veech [37] every semisimple Lie group G with a finite center (e.g.,
From here, if otherwise is not stated, we assume that K = R; in particular, all Banach spaces and algebras are assumed to be real.
Actions on reflexive Banach spaces
We recall some old and new results about actions on reflexive spaces. Many of them can be found in [3] , [2] , [9] , [13] , [25] , [8] , [36] . The following definition of flow representations seems to be useful already having some significant applications [27, 14, 15, 16] . (1) A continuous representation of (S, X) on a Banach space V is a pair
op is a homomorphism) of semigroups and α : X → V * is a weak star continuous bounded S-mapping with respect to the dual action 
where W is reflexive (Hilbert). Recall [34, 30] that every Hausdorff topological group G admits a proper representation into a Banach space V . Namely, we can consider V := RU C(G) the algebra of all right uniformly continuous functions on G. Indeed, the mapping
is a topological group embedding ("Teleman's representation"). Defining
(1) It is easy to see that every right uniformly continuous function f ∈ RU C(G) on G is a matrix coefficient of some continuous co-representation h : G → Is(V ). In fact we can always take V := RU C(G) (see [27] ). The usage of "co-representations" of G seems to be principal, in general. Indeed, if h : G → Is(V ) is a homomorphism then the matrix coefficient m v,ψ is defined by 
and the weak star embedding α :
Definition 2.5. (See for example [14, 15] )
Defining ν : X = G → Y by ν(g) = gy 0 observe that this is indeed a particular case of 2.5.1.
Definition 2.6. Let A be a uniformly closed subalgebra of C(X) for some topological space X. The corresponding Gelfand space (that is, the maximal ideal space of A) will be denoted by X A . Let ν A : X → X A be the associated compactification map. For instance, the greatest ambit of G is the compact G-space G
of G, which is also the universal wap compactification (see [21] ) of G.
Remark 2.7. By [29] the natural projection q :
is a homeomorphism iff G is precompact. In the converse direction, by [24] there exists a Polish non-trivial group G,
is collapsed to a singleton (equivalently, every wap function is constant).
DFJP factorization theorem for actions.
Example 2.8.
(1) The next example goes back to Eberlein [9] (see also [3 T v : X → R on our G-flow X which naturally comes from the given flow representation (h, α). Precisely, define
Then the set of functions {T v } v∈V is a subset of W AP (X). If in our example α is an embedding (which implies that X is reflexively representable) then it follows that {T v } v∈V (and hence also W AP (X)) separate the points of X. If, in addition, X is compact it follows that in fact W AP (X) = C(X) (because W AP (X) is always a closed subalgebra of C(X)). That is, in this case (G, X) is wap in the sense of Ellis & Nerurkar.
We proved in [27] that the converse to these facts are also true. We give here a slightly improved result providing it by direct arguments. 2] ). By the Hahn-Banach Theorem, the weak topology of E is the same as its relative weak topology as a subset of C(Y ). Therefore we obtain that the action S × (E, w) → (E, w) is separately continuous on (E, w).
Denote by W the convex, circled hull Γ(α(X)) of α(X). By the KreinSmulian Theorem, W is relatively weakly compact in E. We can apply an interpolation technic of [7] . For each natural n,
Then K n is a convex, circled bounded and radial (we use the terminology of [32] ). Therefore the Minkowski's functional v n of the set K n is a well defined semi-norm. Recall that, v n = inf {λ > 0 v ∈ λK n }. Then n is a norm on E equivalent to the given norm of E.
Denote by j : V → E the inclusion map (of sets).
(1) j : V → E is a continuous linear injection and Indeed, by (3), the orbitṽ(S) = Sv is N -bounded in V . Our assertion follows now from (2) (for A = Sv), taking into account thatṽ : S → E is weakly continuous. 
(iii) If S is separable then f S and its weak closure Y are also separable. Therefore the compact space α(X) ⊂ C(Y ) is metrizable in (C(Y ), w).
Hence α(X) is separable in its weak topology. Then it is also norm separable. Indeed, if C is a countable weakly dense subset of α(X) then the norm (weak) closure of the convex hull co(C) of C is norm separable and contains α(X). This implies that E is also separable.
Now it suffices to show that α(V ) ≤ d(E).
That is we have to show that the canonical construction of [7] does not increase the density. Indeed, by the construction V is a (diagonal) subspace of the l 2 -sum Z :=
On the other hand we know that every norm · n is equivalent to the original norm on E.
sum of countably many Banach spaces each of them having the density d(E). It follows that d(V ) ≤ d(Z) = d(E).
(iv) If S = G is a group then h(G) ⊂ Is(V ) because by our construction we can suppose that h is a monoid homomorphism and h(e) represents the identity operator on V . Since h : G → Is(V ) is weakly continuous we can apply Theorem 1.6 which implies that h : G → Is(V ) is strongly continuous.
It is easy to derive from Theorem 2.9 the following results from [27] (taking into account Example 2.8 and Corollary 3.4). 
2) Every f ∈ W AP (G) is a matrix coefficient of a reflexive representation. (3) If X is a compact metric G-space then it is wap if and only if X is reflexively representable.
Note that these results remain true for semitopological semigroup actions as well. Theorems 2.10.2, 2.1 and Lemma 1.8 imply that every wap function on a topological group is left and right uniformly continuous (Helmer [19] ).
That is, W AP (G) ⊂ U C(G) holds, where U C(G) := LU C(G) ∩ RU C(G).
2.5. Ellis-Lawson's theorem. Theorems 2.9 and 1.6 lead to a soft geometrical proof of the following version of Ellis-Lawson's theorem (see Lawson [20] ).
Fact 2.11. (Ellis-Lawson's Joint Continuity Theorem) Let G be a subgroup of a compact semitopological monoid S. Suppose that S × X → X is a separately continuous action with compact X. Then the action G × X → X is jointly continuous and G is a topological group.
Sketch of the proof (see [27] for more details): It is easy to see that C(X) = W AP (S). Hence (S, X) is wap. By Theorem 2.9 and Remark 2.3.1 the proof can be reduced to the particular case of (S, X) = (Θ(V ) op , B V * ) for some reflexive V with G := Is(V ). Now by Theorem 1.6 the weak and strong operator topologies coincide on G = Is(V ). In particular, G is a topological group and continuously acts on B V * .
Hilbert representability of flows

General properties. Lemma Let Γ be a class of compact G-systems closed under subdirect products and G-isomorphisms. (1) Then for every G-space X the set Γ(X) of functions coming from a system Y with Y ∈ Γ forms a uniformly closed G-subalgebra of C(X). The corresponding Gelfand space X Γ(X) is the maximal (universal) G-compactification of X which belongs to Γ. (2) The set Γ(G) is a uniformly closed G-subalgebra of RU C(G) and the corresponding Gelfand space G Γ(G)
is the universal G-factor of the greatest ambit G RU C which belongs to Γ.
Proof. The result and its proof is standard. See for example [14 Proof. Let X n be a sequence of reflexively (Hilbert) representable compact S-spaces. By the definition there exists a sequence of proper reflexive (respectively, Hilbert) representations
We can suppose that ||h n (x)|| ≤ 2 −n for every x ∈ X n . Turn to the l 2 -sum of representations. That is, consider
It is easy to show that α(x) ∈ B V * and α : X → B V * is weak * (equivalently, weak) continuous and injective. Hence, α is a topological embedding because X is compact. Now use the fact that the l 2 -sum of reflexive (Hilbert) spaces is again reflexive (Hilbert).
Corollary 3.4. If X is a separable metrizable S-space then X is Hilbert (reflexively) approximable iff X is Hilbert (resp., reflexively) representable.
Proof. Since X is second countable there exists a countable family of Hilbert (reflexive) representations of our S-space X which determines the topology of X. Hence we can apply Lemma 3.3.
{constants}. Then we get that Hilb(G) = {constants}. In this case for every reflexively representable compact G-space X the action is trivial. In particular if X is a transitive G-space then X must be a singleton. 
Almost Periodic functions and Hilbert representations. A function f ∈ C(X) on a G-space X is almost periodic if the orbit f G := {f g} g∈G forms a precompact subset of the Banach space C(X).
The collection AP (X) of AP functions is a G-subalgebra in W AP (X). The universal almost periodic compactification of X is the Gelfand space X AP of the algebra AP (X). When X is compact this is the classical maximal equicontinuous factor of the system X. A compact G-space X is equicontinuous iff X is almost periodic (AP), that is, iff C(X) = AP (X). For a G-space X the collection AP (X) is the set of all functions which come from equicontinuous (AP) G-compactifications.
For every topological group G, treated as a G-space, the corresponding universal AP compactification is the well known Bohr compactification b : G → bG, where bG is a compact topological group. Proposition 3.7.
(1) Let G be a compact group. 
and If X is a Tykhonov G-space then it is a G-subspace of a compact G-space Y . It can be approximated by a system of compact metrizable G-spaces {X i } i∈I (see [1] or [14, Proposition 4.2]). As we already know every X i is Hilbert representable. Hence we conclude that X is Hilbert approximable. This observation implies the following result.
Lemma 3.10. For every locally compact group G we have: F h ⊂ cl(B(G) ). Thus we can conclude that f ∈ cl(B(G) 
Theorem 3.12. For every topological group G the algebra Hilb(G) coincides with the Eberlein Algebra E(G) := cl(B(G)) (= the uniform closure of B(G) in C(G) = C(G, R)).
Proof. First observe that B(G) ⊂ Hilb(G). Indeed, let f ∈ B(G)
.X → B H such that α(gx) = h(g)α(x). Also F (ν(g)) = f (g) for some continuous function F : X → R. Denote by ν h the natural continuous onto map G h → X, p → px 0 defined on the compact semitopological semigroup G h . Then f = F • ν h • h. By Lemma 3.11 we know that F • ν h • h belongs to the coefficient algebra F h . Therefore, f ∈ F h . Clearly,
. Let f ∈ W AP (G). We have to show that f ∈ Hilb(G).
Since G is separable the closed G-invariant subalgebra A generated by the orbit f G in RU C(G) is also separable. Consider the corresponding Gelfand space G A and the canonical compactification map ν :
Since A is G-invariant and every wap function on G is right uniformly continuous (see Proposition 3.7.2) it follows that X := G A is a compact point transitive G-space and ν is a compactification of G-spaces. We know that X is a metrizable compact space (because A is separable). Moreover, (G, X) is wap. Indeed, every continuous function φ : X → R is wap because j ν (C(X)) = A ⊂ W AP (G), where j ν : C(X) → C(G) is the operator induced by ν : G → X. Since X is metric and wap, by Theorem 2.10.3 we get that X is a reflexively representable G-system. Since f ∈ j ν (C(X)) = A there exists a continuous function F : X → R such that F (gν(e)) = f (g). That is, f ∈ C(G) comes from the compact G-space X (Definition 2.5.1). By our assumption X is a Hilbert representable G-system. So we can conclude that f ∈ Hilb(G).
The following result answers a question of T. Downarowicz (1) The groups G := SL n (R) are strongly Eberlein. Indeed, by Veech's result [37] (see also Chou [4] for the case of SL 2 (R)) we have (by Remark 1.12.4) that W AP (G, R) = C 0 (G) ⊕ R for such groups. This means that every wap compactification of G is the one point compactification which is Hilbert representable (see Example 3.9 and Lemma 3.10). (2 
Semitopological semigroups and their representations
Recall that for every reflexive V the semigroup Θ(V ) of all contractive linear operators is a compact semitopological semigroup with respect to the weak operator topology. (2) =⇒ (1): We can assume that S is a monoid. Denote by X the left regular action of S on itself. By our assumption and Remark 2.3.2 there exist: a family of Hilbert spaces {H i } i∈I , a family of weakly continuous homomorphisms {h i : S → Θ(H i )} i∈I , and a family {α i : X → B H i } i∈I of weakly continuous S-equivariant maps such that the latter family separates points of X = S. Since S is a monoid it follows that the family {h i : S → Θ(H i )} i∈I separates points of S. Then the induced homomorphism h : S → Θ(H), where H := ( i∈I H i ) l 2 is an orthogonal l 2 -sum, is weakly continuous and injective. Since S is compact we obtain that h is the desired embedding.
We need the following very useful fact. Proof. By Theorem 3.15.1 there exists a transitive pointed compact metrizable cascade X such that (Z, X) is reflexively but not Hilbert representable. Then (Z, X) is wap (Theorem 2.10) and the enveloping semigroup E(X) = E(Z, X) is a compact semitopological semigroup (Fact 1.5). Take the corresponding natural Z-compactification γ : Z → S := E(X) of the group G := Z. Then S is reflexively representable by Fact 4.2. Clearly, S is a monothetic semigroup by our construction. It is also easy to see that S is metrizable because X is wap and hence by Lemma 1.4 all elements of E(X) are continuous selfmaps X → X of a compact metric space X. Indeed, E(X), as a topological space, is embedded into the product space X D where D is a countable dense subset of X.
We claim that S := E(X) is the desired semigroup. We have only to show that S is not Hilbert representable. Assuming the contrary let j : E(X) → Θ(H) be an embedding of compact semitopological semigroups where H is a Hilbert space. Then Lemma 4.5 implies that the natural action of the cyclic group G := Z on E(X) is Hilbert representable. It is a contradiction because the flows (Z, E(X)) and (Z, X) are topologically isomorphic by Fact 4.6 and the assumption that (Z, X) is not Hilbert representable. Proof. Apply Theorem 4.7 using Remark 4.3.
